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HW #2. Use bisection to determine the drag coefficient needed
so that an 80-kg bungee jumper has a velocity of 36 m/s after
4 s of free fall. Note: The acceleration of gravity is 9.81 m/s?.
Start with initial guesses of x, = 0.1 and x, = 0.2 and iterate

until the approximate relative error falls below 2%.

Hint: You know from your previous studies that the following
analytical solution can be used to predict fall velocity as a
function of time:

v(t)z\/gcimtanr{\/%q (H.1)

Try as you might, you cannot manipulate this equation to explicitly
solve for ¢4 - that is, you cannot isolate the mass on the left side of
the equation. An alternative way of looking at the problem
involves subtracting v(t) from both sides to give a new function:

(o) J% tan%{ﬁ tj—v(t) (H.2)
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Although Eq. (H.1) provides a mathematical representation of the
interrelationship among the model variables and parameters, it
cannot be solved explicitly for drag coefficient. In such cases, c, is
said to be implicit.

We require an error estimate that is not contingent on
foreknowledge of the root. One way to do this is by estimating an

approximate percent relative error as

new old
X =X 100%

‘Sa‘ =

new
Xr

Provide the following information.

lteration | X, X, X. fix) | fix,) | f(x) | signfi*fu | [e,]
1
2

Plot the approximate error versus the number of iterations.
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Although bisection is generally slower than other methods, the
neatness of its error analysis is a positive feature that makes it
attractive for certain engineering and scientific applications.
Another benefit of the bisection method is that the number of
iterations required to attain an absolute error can be computed a
priori - that is, before starting the computation.

This can be seen by recognizing that before starting the technique,
the absolute error is ool

0 __ O 0 _ 0
Ea o Xu o XI = AX Approximate error, |e,|

%

where the superscript
designates the iteration.

10 —

Percent relative error

Fig. 3 Sample errors in o S T B T

bisection method T
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Hence, before starting the method AxO Oth Iteration

we are at the “zero iteration.” After Axl 1st Iteration
the first iteration, the absolute error  aAy2 2nd Iteration
becomes AXx* ___ 3¢d Iteration
Ax* __ 4th Iteration
1 _ AX’ : E
a 2 Ax" nth Iteration

Because each succeeding iteration halves the error, a general
formula relating the error and the number of iterations n is

0
E;‘ _ AX
2n

If E, 4 is the desired error, this equation can be solved for

e IOg(Axo/Ea,d): |Og2(AXOJ

log2 E.q
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From Example 1, the absolute error can be drawn with respect to
the number of iteration, as shown in Fig. 4.

0.02

0.015

0.01

0.005

Absolute Error

5E-17

0 1 2 3
Ilteration

-0.005

Fig. 4 Absolute error versus iteration of Example 1
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MATLAB M-file: bisect

An M-file to implement bisection is displayed below. It is passed the
function (func) along with lower (xl) and upper (xu) guesses. In
addition, an optional stopping criterion (es) and maximum
iterations (maxit) can be entered. The function first checks whether
there are sufficient arguments and if the initial guesses bracket a
sign change. If not, an error message is displayed and the function
is terminated. It also assigns default values if maxit and es are not
supplied. Then a while...break loop is employed to implement the
bisection algorithm until the approximate error falls below es or
the iterations exceed makxit.

function [root,fx,ea,iter]=bisect(func,xl,xu,es,maxit,varargin)
% bisect: root location zeroes

% [root,fx,ea,iter]=bisect(func,xl,xu,es,maxit,p1,p2,...):

% uses bisection method to find the root of func

) ¥ GYalee Ja — 2 90 Jad e Glulag



% input:

% func = name of function

% x|, xu = lower and upper guesses

% es = desired relative error (default = 0.0001%)

% maxit = maximum allowable iterations (default = 50)
% pl,p2,... = additional parameters used by func

% output:

% root = real root

% fx = function value at root

% ea = approximate relative error (%)

% iter = number of iterations

if nargin<3,error('at least 3 input arguments required'),end
test = func(xl,varargin{:})*func(xu,varargin{:});

if test>0,error('no sign change'),end

if nargin<4|isempty(es), es=0.0001;end

if nargin<5 |isempty(maxit), maxit=50;end



iter = 0; xr = xl; ea = 100;

while (1)

xrold = xr;

xr = (x| + xu)/2;

iter = iter + 1;

if xr ~= 0,ea = abs((xr - xrold)/xr) * 100;end
test = func(xl,varargin{:})*func(xr,varargin{:});
if test<O

XU = Xr;

elseif test >0

Xl = xr;

else

ea=0;

end

if ea <= es | iter >= maxit,break,end

end

root = xr; fx = func(xr, varargin{:});



Example 2. We can employ this MATLAB function to solve the
following problem. You need to determine the mass at which a
bungee jumper’s free-fall velocity exceeds 36 m/s after 4 s of free
fall given a drag coefficient of 0.25 kg/m. The mass is assumed to
be between 140 and 150 kg. Thus, you have to find the root of

(H.2): f(m)= ‘/908—21? tanf{\/9'8]f:'25)4j—36

The bisect function can be used to determine the root as

>>fm=@(m) sqrt(9.81*m/0.25)*tanh(sqrt(9.81*0.25/m)*4)-36;
>> [mass fx ea iter]=bisect(fm,40,200)

mass =
142.74

fx =
4.6089e-007

function [root,fx,ea,iter]=bisect(func,xl,xu,es,maxit,varargin)
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ea=
5.345e-005
iter =

21

Thus, a result of m = 142.74 kg is obtained after 21 iterations with
an approximate relative error of €, = 0.00005345%, and a function
value close to zero.

HW #3. Repeat Example 2 step by step and plot the approximate
error versus the number of iterations.

A function stored in an M-file can be plotted with a single
command, as shown below.

>>vel=@(t) sqrt(9.81*68.1/0.25)*tanh(sqrt(9.81*0.25/68.1)*t);

>> fplot(vel,[0 12]) % It plots vel fromt=0to 12
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Example 4. A Case Where Bisection Is Preferable to False Position
Use bisection and false position to locate the root of f(x) =x10-1
between x =0 and 1.3.

Solution. Using bisection, the results can be summarized as

Iteration X X, X, g, (%) & (%)

O 1.3 0.65 100.0 35

Z 0.465 1.3 0.975 33.3 2.5

3 0.975 1.3 1.1375 14.3 13.8

4 0.975 1.1375 1.05625 7 5.6

5 0.975 1.05625 1.015625 40 1.6
— new __ y old new 0 — —- )

g, = (X, x,.2'%) / x "W 100% & = (x,—x,) / x, 100%

Thus, after five iterations, the true error is reduced to less than 2%.
For false position, a very different outcome is obtained:

Iteration X| X, X, g, (%) & (%)
O 1.3 0.09430 Q0.4

2 0.09430 1.3 018176 481 g1.8

3 018176 1.3 0.26287 309 F3.7

4 0.26287 1.3 0.33811 223 66.2

5 0.33EB11 1.3 0.40788 17.1 592
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¢, and g, can be calculated in Excel as shown in Fig. 6. In column A,
X, is written then the formula of g, is written as demonstrated in
column B. ¢, is calculated in column C.

g, = (x,"eW—x°ld) / x "eW 100% g = (X,—x.) / x, 100%

B2 - fe | =ABS((A2-A1)/A2)*100
A X B ¢ C_ & D E F
1 0.65 100 35
2 D.B?SI 33.33333! 2.5
3 | 11375 14.28571  13.75
4 105625 7.692308  5.625
5 | 1.015625 4 15625
b

Fig. 6 Error calculation in Excel
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After five iterations, the true error has only -
been reduced to about 59%. Insight into f(x,)
these results can be gained by examining a
plot of the function. As in Figure 7, the
curve violates the premise on which false
position was based - that is, if f(x)) is much
closer to zero than f(x_ ), then the root
should be much closer to x, than to x, (recall
Figure 5). Because of the shape of the
present function, the opposite is true.

Fig. 7 Plot of f(x) = x'° - 1, illustrating slow convergence of the false-
position method.
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Fig. 9 Four cases where the Newton-Raphson method exhibits poor
convergence.
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Perhaps the most widely used of all root-locating formulas is the
Newton-Raphson equation. It is the best-known method of finding
roots for a good reason: it is simple and fast. The only drawback of
the method is that it uses the derivative f(x) of the function as well
as the function f(x) itself. Therefore, Newton—Raphson method is
usable only in problems where f’(x) can be readily computed.
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The Newton—Raphson formula can be derived from the Taylor
series expansion of f(x) about x:

f(x.,q) = f(x.) + £ (x)(%,; = %) + 7 (x)(x:,; — %:)%/2! (a)
If x.,, is a root of f(x) = 0, Eq. (a) becomes
0 = f(x;) + (%) (Xir1 = %) + F7(x;)(x;,1 — x;)°/2! (b)

Assuming that x; is close to x;,,, we can drop the last term in Eq. (b)
and solve for x.,,. The result is the Newton—Raphson formula

f(x,)
k) “
Letting x denote the true value of the root, the error in x; is
E. = x - x.. It can be shown that if x,,, is computed from Eq. (c), the
corresponding error is
E..= _ME?
2f'(x;)
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indicating that Newton—Raphson method converges quadratically
(the error is the square of the error in the previous step). As a
consequence, the number of significant figures is roughly doubled
in every iteration, provided that x; is close to the root.

MATLAB M-file: newtraph

An algorithm for the Newton-Raphson method can be easily
developed. Note that the program must have access to the
function (func) and its first derivative (dfunc). These can be simply
accomplished by the inclusion of user-defined functions to
compute these quantities. Alternatively, as in the algorithm, they
can be passed to the function as arguments.

function [root,ea,iter]=newtraph(func,dfunc,xr,es,maxit,varargin)
% newtraph: Newton-Raphson root location zeroes

% [root,ea,iter]=newtraph(func,dfunc,xr,es,maxit,p1,p2,...):

% uses Newton-Raphson method to find the root of func
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% input:

% func = name of function

% dfunc = name of derivative of function

% xr = initial guess

% es = desired relative error (default = 0.0001%)

% maxit = maximum allowable iterations (default = 50)
% pl,p2,... = additional parameters used by function
% output:

% root = real root

% ea = approximate relative error (%)

% iter = number of iterations

if nargin<3,error('at least 3 input arguments required'),end
if nargin<4|isempty(es),es=0.0001;end
if nargin<5 |isempty(maxit),maxit=50;end



iter = 0;

while (1)

xrold = xr;

xr = xr - func(xr)/dfunc(xr); Xne1 = Xy = F(x,) /(%) (2)
iter = iter + 1;

if xr ~= 0, ea = abs((xr - xrold)/xr) * 100; end

if ea <= es | iter >= maxit, break, end

end

root = Xr;

After the M-file is entered and saved, it can be invoked to solve for
root. For example, for the simple function x? - 9, the root can be
determined as in

>> newtraph(@(x) x*2-9,@(x) 2*x,5)
ans =
3

[root,ea,iter]=newtraph(func,dfunc,xr,es,maxit,varargin)
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EXAMPLE 6 Newton-Raphson Bungee Jumper Problem

Problem Statement. Use the M-file function to determine the
mass of the bungee jumper with a drag coefficient of 0.25 kg/m to
have a velocity of 36 m/s after 4 s of free fall. The acceleration of
gravity is 9.81 m/s?.

Solution. The function to be evaluated is

f(m)= \/? tanf{ﬁtj—v(t)

To apply the Newton-Raphson method, the derivative of this
function must be evaluated with respect to the unknown, m:

df(m) _ 1 9 tan 1/%t ~ 9 tsech? 1/%t
dm 2\ mc, m 2m m
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We should mention that although this derivative is not difficult to
evaluate in principle, it involves a bit of concentration and effort
to arrive at the final result.

The two formulas can now be used in conjunction with the
function newtraph to evaluate the root:

>>y = @m sqrt(9.81*m/0.25)*tanh(sqrt(9.81*0.25/m)*4)-36;

>>dy=@m 1/2*sqrt(9.81/(m*0.25))*tanh((9.81*0.25/m) ...
N1/2)*4)-9.81/(2*m)*sech(sqrt(9.81*0.25/m)*4)A2;

>> newtraph(y,dy,140,0.00001)

ans =

142.7376
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(Secant) s s by Y-Y-¥

A potential problem in implementing the Newton-Raphson method
is the evaluation of the derivative. Although this is not inconvenient
for polynomials and many other functions, there are certain
functions whose derivatives may be difficult or inconvenient to
evaluate. For these cases, the derivative can be approximated by a
backward finite divided difference:

f’(Xi)E f(xi—l)_f(xi)

Xi—l_xi

= Xn) e.u‘d (A

g o ex Dl Bl x - Saa i g 1k x o8
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Starting with the two initial
approximations p, and p,, the
approximation p, is 74
the x-intercept of the line joining
(Por f(po)) and (py, f(py). The
approximation p; is the
X-intercept of the line joining

(p1, f(p1)) and (p,, f(p,)), and so on.

Note that only one

function evaluation is needed per
step for the Secant method after
p, has been determined.

In contrast, each step of Newton’s
method requires an evaluation of
both the function and

its derivative.
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Fig. 11 Secant Method
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The Difference Between the Secant and False-Position Methods
Note the similarity between the secant method and the false-
position method. For example, Egs. (4) and (1) are identical on a
term-by-term basis. Both use two initial estimates to compute an
approximation of the slope of the function that is used to project to
the x axis for a new estimate of the root. However, a critical
difference between the methods is how one of the initial values is
replaced by the new estimate. Recall that in the false-position
method the latest estimate of the root replaces whichever of the
original values yielded a function value with the same sign as f(x,).
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Consequently, the two estimates always bracket the root.
Therefore, for all practical purposes, the method always converges
because the root is kept within the bracket. In contrast, the secant
method replaces the values in strict sequence, with the new value
X.,, replacing x. and x; replacing x, ;. As a result, the two values can
sometimes lie on the same side of the root. For certain cases, this
can lead to divergence.

Example 7 The Secant Method
Problem Statement. Use the secant method to estimate the root
of f(x) = e™ - x. Start with initial estimates of x ; =0 and x, = 1.0.
Solution. Recall that the true root is 0.56714329. . ..
Firstiteration: x_, =0  flx_,) = 1.00000

X =X — =
w=1 fla) = —063212 X% 3a Ty )
—0.63212(0 — 1)
= 1— ~ 061270 & = 8.0%
(4): | — (—0.63212) F—

g, = (true value — approximation) / true value x 100%
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Second iteration: x;, = | flx,) = —0.63212
x = 061270 flx) = —0.07081

(Note that both estimates are now on the same side of the root.)
—0.07081(1 — 0.61270)

v = 0.61270 — — 056384 & = 0.58%
"2 —0.63212 — (—0.07081) % ‘
Third iteration: f(x, )x, =X,
Xowg =Xy — - . . (4)
x, = 061270 f(x,) = —0.07081 F(x )—f(x. )

x, = 056384  flx,) = 0.00518

0.00518(0.61270 — 0.56384)
—0.07081 — (—0.00518)

xy = 056384 — = 0.56717 g = 0.0048%

Example 8 Comparison of Convergence of the Secant and False-
Position Techniques
Problem Statement. Use the false-position and secant methods to
estimate the root of f(x) = In x. Start the computation with values of
a=x=X%X,=05andb=x,=x=5.0.
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Solution. For the false-position method, the use of Eq. 1 and the
bracketing criterion for replacing estimates results in the following

iterations: X_af(b)—bf(a) (1)
Iteration X X, X, ~ f(b)-f(a)
0.5 5.0 1.8546
Z 0.5 1.8546 2163
3 0.5 1.2163 1.0585

As can be seen (Fig. 12a and c), the estimates are converging on
the true root which is equal to 1.

For the secant method, using Eqg. 4 and the sequential criterion for

replacing estimates results in X =% — (X JX, =X, 1) (4)
n+l n
_ Fxn)=F(x0)
Iteration Xi 1 X; Xitq
0.5 5.0 |.8546
Z 5.0 1. 85464 —0.10438

As in Fig. 12d, the approach is divergent.
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Flg 12 False position Secant
flx) ! flx,) flx) 4 fix;)
f(x) = In x

Comparison of the
false-position and the
secant methods. The
first iterations (a) and
(b) for both
techniques are
identical. However, (@) (b)
for the second flx) 4
iterations (c) and (d),
the points used differ.
As a conseguence,
the secant method
can diverge, as
indicated in (d).

bt )
bt Y

(cd)
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Although the secant method may be
divergent, when it converges it usually
does so at a quicker rate than the
false-position method. For instance, 1
Fig. 13 demonstrates the superiority of
the secant method in this regard. The
inferiority of the false-position

method is due to one end staying fixed
to maintain the bracketing of the root.
This property, which is an advantage in
that it prevents divergence, is a

10

10-°

1072

102

True percent relative errar

1074

uosydey-uoiman

shortcoming with regard to the rate of b
convergence; it makes iterations

the finite-difference estimate Fig. 13 Comparison of the true

a less-accurate approximation percent relative errors g, for the
of the derivative. methods to determine the roots

of f(x) = e™-x.
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